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Abstract 

Various aspects of maximum likelihood estimation 

are presented which should be of interest to its many 

proponents in the area of information sciences and sys- 

tems. 

Development 

The theoretical statistical community has long 

been aware of the many problems associated with the 

concept of maximum ljkelihood estimation. In fact, as 

indicated in [I], Sir Ronald Fisher's 1922 revival of the 

maximum likelihood method is seen by many to have 

been a historical retrogression since the method had been 

considered and rejected years earlier by none other than 

Carl Friedrich Gauss. The popularity of maximum likeli- 

hood estimation today is due primarily, in the view of Le 

Cam, to  Fisher's "propaganda." In fact, Le Cam states in 

[2, p. 6221 that "In view of Fisher's vast influence, it is 

perhaps not surprising that  the presumed superiority of 

the method is still for many an article of faith promoted 

with religious fervor. This state of affairs remains, in 

spite of a long accumulation of evidence to the effect that  

maximum likelihood estimators are often useless, or 

grossly misleading." It is precisely this evidence with 

which this paper is concerned, since, judging by its popu- 

larity, many of the problems associated with the max- 

imum likelihood method appear to have been overlooked 

Gary L. Wise 
Department of Electrical and Computer Engineering 

auld 
Department of Mathematics 

The University of Texas a t  Austin 
Austin, Texas 78712 

by many in the area of information sciences and systems. 

We begin with a definition'of the maximum likelihood 

method. 

Let N denote the set of positive integers, and for 

a topological space T, let B(T) denote the family of Bore1 

subsets of T. Let 8 be a topological space. Let (P,: &8} 

be a family of probability measures on (R, @R)) such 

that  there exists a a-finite measure p on (R, B(R)) such 

that  PI is absolutely continuous with respect to p for 

each 0 ~ 8 .  For each &8 let f,( ):R -+ [0, oo) denote the 

Radon-Nikodym derivative of PI with respect t o  p. For 

n E N let Xi, X2, . . . , & denote n mutually indepen- 

dent random variables each having the distribution PI 

for some 868. Let 

We say that  P,:R~-+~ is a maximum likelihood estima- 

tor of e if P,-l(~(e)) c B(R~), if 

Pn(~ , ,  &, . . . , X,,) E e, and if 

~(@19%,.  9&)vx19&9 9 % )  = 

su L(9, Xi, &, . . . , &) < ~o a.e. [p]. 
, E g  

To begin, the following example points out that a 

maximum likelihood estimator need not in general even 

exist. Consider a collection &, . , &) of mutually 

independent, identically distributed random variables 

each possessing a probability density function given by 
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where 8 = (p, 4) E 8 = R x (0, po) and where h( ) is 

the continuous zero mean, unit variance Gaussian proba- 

bility density function. The likelihood function for this 

situation is given by 

Notice, in particular, that  

Further, notice that this lower bound is unbounded for 

in 8 since i t  approaches infinity as a --, 0 when p = XI. 

Thus, a maximum likelihood estimate for 8 does not 

exist since the supremum of the likelihood function over 

all 8 in 8 is not finite. 

Next, consider a sequence {XI, &, . . . ) of mutu- 

ally independent, identically distributed random vari- 

ables each possessing a Gaussian distribution with unit 

variance and mean given by 8. Let S, denote the sum of 

sn . the first n of these random variables and note that  - is 
n 

a maximum likelihood estimator of 8. Further, notice 

S n 1 that  - is Gaussian with mean 8 and variance -. Now, 
n n 

for a real number a, the Hodges-Le Cam estimator is 

given by: 

Notice first that  

is equal t o  0 if 8 is nonzero via the strong law of large 

numbers and the dominated convergence theorem and is 

equal t o  1 if 8 r= 0 via Chebyshev's inequality. Hence, if 

Sn 8 is nonzero then i t  follows that  T, and - each eon- 
n 

verge in distribution to the  constant 8. Now, notice that  

for 8 = 0, we have that  

s n  1 and the variance of - is equal to -. Thus, for < 1 
n n 

and for n sufficiently large, the variance of T, is strictly 

s n  smaller than the variance of -. The point 8 = 0 is 
n 

called a point of super-efficiency. Recalling that  the max- 

s n  imum likelihood estimator - achiwes the Cramer-Rao 
n 

lower bound, it follows that, a t  the point 8 = 0, and for 

n sufficiently large, the variance of T, - is in fact [s. 1 
smaller than the Cramer-Rao lower bound when bl< 1. 

Consider now a collection XI, &, . . . , X,, of 

mutually independent random variables each possessing 

a probability density function given by 

for x E R, 0 < a < 1, e > 0, and 8 = (p, 7) where 

p E R and 7 > 0. When cr is small, fdx) behaves very 

much like a Gaussian density function with unit variance 

and mean p. Recall that  if f were such a density function 

then the maximum likelihood estimator of p would be 

XI+&+ . +x, 
given by the sample mean, . I t  is easy 

n 

to see, however, that for the above case, the sample 

mean is not a maximum likelihood estimator of the 

mean wen though the above density is very close to  

being a Gaussian density function. 



As an example, choose a o= 10"OP and note that 

where 

Further, notice that 

In particular, if p == xl and 7 = t/; then 

which may be made to exceed any preassigned real 

number by choice of a Let n = 10los. Then, for 6 

sufficiently small, simply estimating the mean by the 

first observation and discarding the others will provide a 

larger value for L than would be obtained by taking the 

sample mean of the 10 '~ '~ observations even though, as 

noticed above, the density governing the observations is 

for all practical purposa Gaussian. Note that this exam- 

ple also raises serious concerns regarding robustness pro- 

perties of maximum likelihood estimators. 

The following example, inspired by [3, p. 1511, 

points out that a maximum likelihood estimator need 

not be consistent. Fix a positive integer k and consider a 

collection {X,,: i E N, 1 < j < k) of mutually indepen- 

dent random variables with having a Gaussian distri- 

bution with mean p1 and positive variance a? for each 

i E N and 1 < j < k. Let p be an integer greater than 1 

and consider a subset of {X,,: i E N, 1 5 j < k) given by 

{X,,: 1 5 i < p, 1 < j 5 k). Likelihood functions for 

pl, . . ,p,, and a? based upon elements from this subset 

are given by 

and 

b(& X l l , .  &pk) 

respectively. It follows easily that a maximum likelihood 

estimator for pi where 1 i < p is given by 

T&, . . &) = +xi,+ . +qk). 

Notice that 

h & ( a 2 , ~ l l ,  . ,xpk)) 

and that 

from which i t  follows that a maximum likelihood estima- 

tor for 4 is given by 

For a moment, consider a collection {Z1, . . , Z,) of 

mutually independent Gaussian random variables each 

with mean p and positive variance a?. Let 

- 1 Z = - (Z1+ . . +Z,). In addition, let A be an n x n 
n 

matrix (aJ such that the columns of A form an orthogo- 

nal basis for Rn and such that ail = for 1 5 i < n. 3;; 
Define Yi for 1 5 i < n via 

(Yl ' ' Y,) = (Z1 2,) A 

and note that, since the columns of A are orthogonal, 

the Yi's are mutually independent Gaussian random 

variables with variances equal to a? and means given by 

E p l ]  = p G  and Evil = 0 for 1 < i < n. Finally 

notice that 



which has a chi-square density with n-1 degrees of free- 

dom. Hence, we see that 

has a chi-square distribution with k-1 degrees of free- 

dom for each positive integer i < p. Thus, 

S 1 ,  &)I  5 [ ~ k .  Letting p - oo and 

applying the weak law of large numbers to the sequence 

implies that S(Xll, . . . &k) converges in probability to  

[?ti. Thus, the maximum likelihood estimator 

S(Xll, * . JCpk) is not consistent. 

Now consider a collection (XI, &, . . . , X,) of 

mutually independent random variables each with a pro- 

1 bability density function given by f,(x) = 7 Ip8](x) 

where 8 E 9 = (0, oo). Note that 

This function possesses a unique maximum at 

8 = max xi. Hence, it follows that the maximum likeli- 
1 5 n  

hood estimator of 8 is given by 

&xl, x2, . . . , x,) = max xi. 
i l n  

Notice that this estimator of 8 is less than 8 with proba- 

bility one. 

The next example shows that a maximum likeli- 
- 

. hood estimator need not be unique. In particular, con- 

sider a family of probability density functions {fd . )) 
where 8 E 9 = R and f,(x) = I (x). For a fixed 

Ic7,+$ 

positive integer n, let XI, &, . . . , X, be a collection of 

mutually independent, identically diiributed random 

variables each with a probability density function given 

by fkx) for some fixed, yet unknown, value of 8. Further, 

for 1 I i I n, let Yi denote the i-th order statistic of the 

X,'s. Notice that 

1 
L(0, ,1 . 1 ,) - 1 If xi E 1 6 - 9  ~ $ 1  

2 

for each positive integer i < n and is equal to  zero other- 

wise. That is, 

ye1 XI, x2, . , x,) = 1 

and is equal to zero otherwise. Therefore, any statistic 

T(X,, &, . . . , &) for which 

holds is a maximum likelihood estimator of the parame- 

ter 8. It follows easily that for any X E [0, 11, 

1 ( 1 4 )  Y, + X Y, + (A--) 
2 

is a maximum likelihood estimator for 8. Hence, not only 

are maximum likelihood estimators not in general 

unique, but, as in this case, there may exist uncountably 

many distinct maximum likelihood estimators for a sin- 

gle parameter. 

The following example presents a situation in 

which the number of roots of the likelihood equation is 

proportional to the number of observations. In particu- 

lar, consider a collection {XI, &, . . . , )i) of mutually 

independent random variables each with a Cauchy den- 

sity function given by 

where B E  8 = R. For this caw it follows that 

log(L(0, Xl ,  x2, . . 1 x,)) 

and, hence that 



Notice that this expression may be written as a polyno- 

mial in 8 of degree 2n - 1. As the number of observa- 

tions n increases, the computational demands of finding 

the roots of this polynomial increase dramatically. Not 

only must 2n - 1 roots in general be considered, but a 

large number of mots must be checked to determine 

whether they correspond to local or global extrema. 

The next example was suggested by [4, p. 208). 

Consider a random variable X which has a Bernoulli dis- 

tribution such that P(X=l) = 8 and P(X=O) 3= 1-8 

where 8 E 8 = [I 21. The likelihood function resulting 
3 '  3 

from a single observation is then given by L(8, x) = 

(8)* (1-8)'-~ which implies that a maximum likelihood 

x+l estimator of 8 is given by &x) = - for x = 0, 1. 
3 

'+' which implies that this max- Note that E[~'(x)I = - 
3 

imum likelihood estimator is not unbiased. Consider for 

a moment a family of estimators each of the form 

1 1 where - 5 a < 1, and note that 8(x) = 8,(x). 
3 - 

3 

Further, note that 

R(a, 8 ) = E[(8,(X) - e)21 - (~y-e)~( l -e)+(( l -+e)~e.  

For the maximum likelihood estimator 8 given above we 

1 @ e l  see that R(-, 8 ) = - - - 
3 3 3 

+ b' Further, 

for all a e [ I  and all 8 e 8 since 8 in 8 implies that 
3 5 1  
1 2 -1 (28-1)2 5 - and a e [ l  implies that (a--) 5 - 
Q 3 ,TI 3 6 

1 and (a--) 2 0. Thus, not only is this maximum likeli- 
3 

hood estimator not admissible, but it has the uniformly 

largest mean square error over all of the uncountably 

many estimators in the family {&: CYE p }. l1 11 
The following example, based on (2, p. 6241, 

presents a situation in which a maximum likelihood 

estimator Bn exists for n observations yet is such that 

an --, oo as n --, oo with probability one wen though 

the actual value of 8 is a fixed positive integer. In partio 

ular, let % = 1 and define a decreasing sequence of posi- 

tive numbers via 

for each nonnegative integer k. Further, define a family 

of probability density functions {fr(x) : &8} on (0, 11 

where 8 = N and 

and let 1%: n e N} be a sequence of mutually indepen- 

dent random variables each with the same probability 

density function f,(x) for some fixed yet unknown value 

of 8 from 8. Note that 

where 

Hence, a maximum likelihood estimator 8, exists e 

equal to  an integer j for which the following term is 

maximized: 

Note that for any ,6 > 0, it follows from the Borel- 

Cantelli lemma that infinitely many terms from the 

sequence & : n E N} will fall in the interval (0, B] 

almost surely. Thus it follows immediately that 8, tends 

almost surely to infinity wen though the actual value of 

8 is a fixed positive integer. 



The following example addresses an additional 

problem of uniqueness which may exist in maximum 

likelihood estimation. Let 8 = R and let 

for each 8 in 8 and x in R. Note that 

which thus implies that a maximum likelihood estimator 

for 8 is given by a median of wl, . . . , &). Further, 

notice that the observations X1, . . . , X, are almost 

surely distinct. Thus, we see that for an even number of 

observations, there exist almost surely uncountably 

many distinct maximum likelihood estimators for 8, yet 

for an odd number of observations, there exists almost 

surely a unique maximum likelihood estimator. 

Conclusion 

This paper has considered a few of the many 

problems which may arise in the use of maximum likeli- 

hood estimation. The prominent position of maximum 

likelihood estimation in information sciences and systems 

leads us to  wonder if researchers in this area are fully 

aware of difficulties such as the ones which we have 

touched upon. In closing, we believe, as did Gauss, that 

maximum likelihood estimation should have been 

rejected long ago. 
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